CHAPTER FOUR

Section 4.2E

1. a. 1. A&~ (BvA)Y” SM
2. A 1 &D
3. ~ B v A 1 &D
4. ~B 3 ~vD
5. ~A 3 ~vD
X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

c. 1. ~(AvB) & (Av~B)y SM
2. ~ (A v B 1 &D
3. Av ~ B 1 &D
4. ~A 2 ~vD
5. ~B 2 ~vD
6. A ~B 2 vD
X o

Since the truth-tree has at least one completed open branch, the set is truth
functionally consistent. The recoverable set of truth-value assignments is

A B
F F
e. 1 (AV B) & (Av ~ By SM
2 A v B 1 &D
3 Av ~ B 1 &D
4. A B 2 vD
5. A ~B A ~B 3 vD
o o o X

Since the truth-tree has at least one completed open branch, the set is truth;
functionally consistent. The recoverable sets of truth-value assignments are

A B
T T
T F
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g L. (Jv~K) &I»” SM
2. ~1v K SM
3. Jv~K¥ 1 &D
4, I 1 &D
5 ~1 K 2 vD

X /\
6. ] ~K 3 vD
o X

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable set of truth-value assignments is

k.

—

S Gk o

~ (A & By

~ (~Cv B

~ (A& C)”
~~CY”
~B

~A
~A ~B
o o

1] K

T T T

i1 Hv-~1) &I~ SM

2. ~(H & I)»” SM

3. Hv -~ 1 &D

4. I 1 &D

5 H ~1 3 vD
/A\\ "

6. ~H ~1 2 ~ &D
X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

SM
SM
SM
2 ~vD
2 ~vD
4~~D
3 ~&D
1 ~&D
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Since the truth-tree has at least one completed open branch, the set is truth{
functionally consistent. The recoverable set of truth-value assignments is

A B C
F F T

m. 1. (AvB) & (Av (G SM
2. ~C&~A¥ SM
3. Av By 1 &D
4. Av Cr 1 &D
5. ~C 2 &D
6. ~A 2 &D
7. A B 3 vD
8. A C A C 4 vD

X X X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

o. 1. H&~T) v (Iv~H¥ SM
2. Jv I~ SM
3. ~J SM
4, J I 2 vD

X/\
5. H&-~I» Iv~H»” 1 vD
6. H /\ 5 &D
7. ~1 5 &D
8. X I ~H 5vD
o

Since the truth-tree has at least one completed open branch, the set is truth
functionally consistent. The recoverable sets of truth-value assignments are

H 1 ]
T T F
F T F
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2. a. 1. ~H& D SM

2. Hv I SM

3. H /I\ 2 vD

4. ~H ~1 ~H ~1 1~ &D
X o) o

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

H 1
T F
F T

c. 1. ~H&I) V]~ SM
2. ~(Jv =TI SM
3. ~] 2 ~vD
4. ~~ T 2 ~vD
5. 1 4~~D
6. ~ (H & I ] 1vD

/\ X

7 ~H ~1 6 ~ &D

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments is
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e 1. A& (B & O)»F SM
2. ~[A & (B & O)]» SM
3. A 1 &D
4. B & Cp” 1 &D
5. B 4 &D
6. /C\ 4 &D
7. ~A ~ (B & Q) 9~ &D

X
8. - B ~-C 7~ &D
X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

g. 1. ~Cv (A& B SM
2. C SM
3. ~ (A & By SM
4. ~C A & B 1vD
5. X A 4 &D
6. B 4 &D
7. ~A ~B 3 ~ &D

X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

i1 ~F&~G) &[(Gv~D) & (Iv~HT]»r SM
2. ~F & ~ G 1 &D
3 Gv~I) & (Iv~H 1 &D
4. ~F 2 &D
5. ~G 2 &D
6 Gv~I1v” 3 &D
7 Iv~H» 3 &D
8. G ~1 6 vD
X /\
9. 1 ~H 7 vD
X o
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Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable set of truth-value assignments is

F G H 1

k. 1. (Fv~G)&[(Gv~D) & (Iv~H)m SM
2. Fv~Gyr 1 &D
3. (Gv~T) & (Iv~Hy~ 1 &D
4. Gv~Iv” 3 &D
5. Iv~H» 3 &D
6. F ~G 2 vD
7. G ~1 G ~1 4 vD

/\ /\ ) /\
8. I ~H 1 ~H I ~H 5 vD
X X

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

e

I

oo
M| Q
o o S | T
o
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m. 1. Av (Bv O SM
2. ~ (A v B SM
3. ~ (B & C)v SM
4. ~ (A & Q) SM
5. ~A 2 ~vD
6. ~B 2 ~vD
7 A Bv C 1vD

X /\
8. ~B ~C 3~ &D
9 ~A ~C ~A ~C 4~ &D
10. B C B C B C B C 7 vD
X o X X X X X X

Since the truth-tree has at least one completed open branch, the set is truth;
functionally consistent. The recoverable set of truth-value assignments is

A B C
F F T

Section 4.3.E

1. a. 1. ~ (A D> B)” SM
2. ~ (B> A SM
3. A 1~2D
4. ~B 1~>2D
5. B 2 ~2D
6. ~A 2 ~ oD
X

Since the truth-tree is closed, the set is truth-functionally inconsistent.
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c. 1. B> (Do E)) SM
2. D & B~ SM
3. D 2 &D
4. B 2 &D
5. ~B D> Ev 1 oD

X
6. ~D E 52D
X o

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable set of truth-value assignments is

B D E
T T T
e. 1. H = G SM
2. ~G SM
3 H ~H 1 =D
4 G ~G 1 =D
X o

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable set of truth-value assignments is

H G
F F

g. 1. H=G» SM
2. ~(H> G  SM
3. H 2 ~>D
5. H ~H 1 =D
6. G ~G 1 =D

X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.
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i 1. H= G SM
2. G =1 SM
3. ~ (H> ) SM
4. H 3 ~ oD
5. ~1 3 ~ oD
6. H ~H 1 =D
7 G ~G 1 =D

X
8 G ~G 2 =D
9 I ~1 2 =D
X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

k. 1. L= (] &K~ SM
2, ~J SM
3. ~Lo Ly SM
4, L ~L 1=D
5. J & Kp~ ~ (J & Ky~ 1=D
6. ] 5 &D
7. K 5 &D
8. X ~~L L 3 5D
9, L X  8~~D

X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

m. 1. ~[(A=B) =A) ] SM
2. A = BV ~ (A =BV 1 =D
3. /A\ A 1 =D
4. A ~A 2 =D
5. B ~B 2 =D
6. X o A ~A 2~ =
7. ~B B 2~ =
o X
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Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

A B
T F
F F
o.1 HoJ»r SM
=2 % SM
3 K>~ Hy» SM
4 ~H ] 1 oD
5 ~J K ~]J K 2 oD
/\ /\ :
6. ~ K ~H ~ K ~H ~K ~H 3 oD
o o X o X o)

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

H J K
F F F
F T T
F F T

2. a. 1. ~[(AD>~B) D> (BDA) ]V SM
2. ~(~A>~B) SM
3 A >~ B 1~>2D
4 ~ (B2 A 1~>D
5. B 4 ~>D
6. ~A 4 ~>D
7 ~A 2 ~>2D
8 /B\ T
9. ~A ~B 3 oD

o X
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Since the truth-tree has at least one completed open branch, the set is truth{
functionally consistent. The recoverable fragment is

A B
F T
c. 1. A&~C)v (A& ~B) SM
2. A D B SM
3. C SM
4. A&~ Cr A & ~ By 1vD
5. A A 4 &D
6. ~C ~B 4 &D
X /\
~A B 2 oD
X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

e. 1 ~[AD B =C)r SM
2. =~ C SM
3. A =By SM
4. A 1 ~25D
5. ~ (B =) 1~5D

6 A ~A 3 =D
7 B ~B 3 =D
X

8 A ~A 2 =D

9 ~C ~~ C” 2 =D
/\ .

10. B ~B h~=

11. ~C C 5 ~=D
o X

Since the truth-tree has at least one completed open branch, the set is truth
functionally consistent. The recoverable set of truth-value assignments is
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g. L. ~(AvB)o~AV SM
2. ~(AVB) D~ B SM
3. A SM
4. ~~(AvByY ~A 1D
5. A v B X 4~~D
6. A B 5vD
7. ~~(Av B ~B ~~AvByY»r ~B 22D
8. A v B A v B X 7~~D
9. A B A B 8 vD

o o o o

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

A B
T T
T F

i 1. A= B &~ Q) SM

. ~Av~B” SM
3. ~(~B=QC) SM
4. A ~A 1 =D
5. B &~ C ~ (B &~ C)v 1 =D
6. ~A ~B ~A ~B 2 vD
7. X B 5 &D
8. ~C 5 &D
X
9. ~B ~~B ~B ~~Bv 3~=D
10. ~C C ~C C 3 ~=D
11. B B 9~~D
A |
12. ~B ~~C» ~B ~~C» ~B ~~C” 5~ &D
13. o C X C o C 12 ~~D
X o X
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Since the truth-tree has at least one completed open branch, the set is truth{
functionally consistent. The recoverable sets of truth-value assignments are

A B C
F F F
F F T
F T T

k. 1. A= (~-B=C)r SM
2. ~AD (B>~ C)v SM
3. ~(A>~C)” SM
4. A 3 ~2D
5. ~~C” 3 ~ 2D
6. /(J\ 5"""’D
7. ~A 1 =D
8. ~B—Cl/ ~(=B=Cwy 1=D

/\ X
9. Bo~Cr 2 oD
10. /A\ /\ 9-~D
11. ~B ~ ~ B ~ ~~B 8 =D
12. C ~C ~C 8 =D
o X /\ X
13 9 oD
o X

Since the truth-tree has at least one completed open branch, the set is truth
functionally consistent. The recoverable set of truth-value assignments is
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m. 1. Jo (H=~D)~ SM

2. ~ (] = H¥ SM

3. ~] /=~It/\ 1D
L B J -J 2-=
5 ~H H ~H H 2~=

A 8 VAN
6 H ~H H ~H 3 =D
7. ~1 ~~Tr ~1 ~~1 3 =D
8. X 1 o X 7~~D
[¢]

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable set of truth-value assignments is

1

- |
M| T
=

Section 4.4E

l.a. 1. Hv G SM
2. ~G & ~ H¥” SM
3. ~G 2 &D
4. /~H\ 2 &D
5. H G 1 vD
X X

Since the truth-tree is closed, the set is truth-functionally inconsistent.

SOLUTIONS TO SELECTED EXERCISES ON PP. 135-136 AND 141-142 53



c. 1. ~~ C” SM
2. C& [Uv (~C&B)]» SM
3. C 1~~D
4. C 2 &D
5. Uv (- C & B)» 2 &D
6. U ~C & B 5 vD
7. o ~C 6 &D
8. B 6 &D

X

Since the truth-tree has at least one completed open branch, the set is truth-

functionally consistent. The recoverable sets of truth-value assignments are

10.

~ [~ (E v ~ Q) & Al

~(EvV~C) & A

~(Ev~C)
A
~E
~~C”
~(Ev~C)
Ev~C»
E ~C
x |
C
X

SM
SM

2 &D
2 &D
3 ~vD
3 ~vD

1~ &D

7~~D

8 vD

6~~D

Since the truth-tree is closed, the set is truth-functionally inconsistent.
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g. L ~Av~~[~-(K&~A) vR]\» SM

2. ~ DV (A&~ K) ] SM
3. A& (Rv K SM
4. A 3 &D
5. R v Ky 3 &D
6. ~D 2 ~vD
7. ~ (A & ~ K}~ 9 ~vD
8 ~A ~ ~ Ky 7 ~ &D
<

9 K 8§~~D
10. ~A ~ ~ [~ (K&~ A) v R]»” 1vD

X
11. ~ (K& ~A) v R~ 10~~D
12. ~ (K& ~A)” R 11 vD
13. ~ K ~~ AV 12 ~ &D

-

14. A 13 ~~D
15. R K R K 5 vD

o o (o] o

Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

A D K R

T F T T
T F T F
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T BS v~ SM
2. H =] SM
3. ~H v By SM
4 H ~H 2 =D
5 ] ~J 9 =D
6. ~B ] ~B ] 15D

A NVAN AN
7. ~H B ~H B ~H B 3 vD
X X X o o X

Since the truth-tree has at least one completed open branch, the set is truth;
functionally consistent. The recoverable sets of truth-value assignments are

B H ]
T T T
F F F
k1. S [B&]) =~ (WvZ)] SM
9. ~ (] & Wy SM
3. B & i ~ (B & )~ 1~=D
4. (WY 2y ~ (W Zy 1~ =D
5. ~W 4 ~vD
6. ~7 4 ~vD
7. Wv Zv»” 4~~D
8. B 3 &D
9. J 3 &D
10. /\N\ /Z\ 7 vD
1. -] ~W -] ~W -] -w 9 - &D
A NVAN
12. ~B ~] ~B ~]  3-&D
o o o o
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Since the truth-tree has at least one completed open branch, the set is truth-
functionally consistent. The recoverable sets of truth-value assignments are

B ] W Z
T T F T
T F F F
F T F F
F F F F

2.a. True. Truth-trees test for consistency. A completed open branch
shows that the set is consistent because it yields at least one truth-value assign-
ment on which all the members of the set being tested are true. An open
branch on a completed truth-tree is a completed open branch.

c. True. If a tree has a completed open branch, then we can recover
from that branch a truth-value assignment on which every member of the set
is true. And a set is, by definition, consistent if and only if there is at least one
truth-value assignment on which all its members are true.

e. True. If all the branches are closed, there is no truth-value assign-
ment on which all the members of the set being tested are true, and if there
is no such assignment, that set is truth-functionally inconsistent.

g. False. The number of branches on a completed tree and the num-
ber of distinct atomic components of the members of the set being tested are
not related.

i. False. Closed branches represent unsuccessful attempts to find truth-
value assignments on which all the members of the set being tested are true.
No sets of truth-value assignments are recoverable from them; hence they do
not yield assignments on which all the members of the set being tested are
false.

k. False. The truth-tree for {A © B, A} has a closed branch.

1. A > By SM

2. A SM

3. ~A B 1 oD
X o
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10.
11.

12.

PN O 0=

M
~B
~S

/D\
D ~D

D= BvS)
~BvS) &M
NoM
Dv~M»
~ (B v S)»

X

B v S~ ~BvS)
X

B S

X X

SM
SM
SM
SM

2 &D
2 &D
5~vD
5 ~vD

I
<

D

— =
Il
ol

11 vD

Since the truth-tree is closed, the set is truth-functionally inconsistent.

C.

© <

13.

14.
15.

16.

17.

1
2
3
4.
5.
6
7
8

[(BvM)vG]&~[(B&M) & Gl

(
[

Bol) & (12~ G)v
U BvM]&~M
U&~I1”

U
~1
U>o (Bv M)
~M
Bolyv
~1o~ G
Bv M) v G
~[(B & M) & G]

SM
SM
SM
SM
4 &D
4 &D
3 &D
3 &D
2 &D
2 &D
1 &D
1 &D

9 oD

10 oD
14 ~~D

11 vD

16 vD

Since the truth-tree is closed, the set is truth-functionally inconsistent
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Section 4.5E

l.a. 1. M & ~ M SM
2. M 1 &D
3. ~M 1 &D
X

Since the truth-tree for the given sentence is closed, that sentence is truth-
functionally false.

c 1. ~Mv ~ M~ SM
2. ~M ~M 1vD
(0] (0]

. ~(~Mv-~Mp SM
2, -~ My 1~vD
3. -~ My~ 1~vD
4. M 29~~D
5. M 3~~D

0]

Neither the truth-tree for the given sentence nor the truth-tree for the negation
of that sentence is closed, therefore the given sentence is truth-functionally
indeterminate.

e. 1. (CoR) & [(Co~R) &~ (~-CVR)]¥F SM
2. C o> R 1 &D
3. (Co>~R) &~ (~ Cv R 1 &D
4. C>o>~R 3 &D
5. ~ (~C VR 3 &D
6. ~~ C” 5 ~vD
7. ~R 5 ~vD
8. /C\ 6~~D
9. ~ G R 2 oD
X X

Since the truth-tree is closed, the sentence we are testing is truth-functionally
false.
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g 1. ~FA=-7) & (A&~ Z)~” SM
2. ~A=~7Zp 1 &D
3. A&~ZV 1 &D
4. A 3 &D
5. /~z\ 3 &D
6. ~A ~~A 2 =D
7. ~7Z o 2 =D

<
8. Z 7~~D
X

Since the truth-tree is closed, the sentence we are testing is truth-functionally
false.

1. 1. (AvB) &~ (Av B~ SM
2. A v B 1 &D
3. ~ (Av B 1 &D
4. ~A 3 ~vD
5. /B\ 3 ~vD
6. A B 2 vD
X X

The tree is closed, so the sentence is truth-functionally false.

k. 1. (AvB) =~ (Av B SM
2. A v B ~ (A v B 1 =D
3. ~ (A v B ~~(Av B 1 =D
4. ~A 3 ~vD
5. ~B 3 ~vD
/\
6 A B 2 vD
7 X X ~A 2 ~vD
8 ~B 2 ~vD
9 Av B~ 3~~D
10. A B 9 vD
X X

The tree is closed, so the sentence is truth-functionally false.
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m. 1. ~(DVvF =(~-Dv-~F SM

T

2. ~ (D v F)” ~~ (D v F)” 1 =D
3. ~Dv~F» ~(~Dv~F 1 =D
4. D v F»” 2~~D
5. ~~Dy 3~vD
6. ~~F” 3 ~vD
7. D 5~~D
8. /F\ 6 ~~D
9. D F 4 vD
10. ~D o o) 2 ~vD
11. /~F\ 2 ~vD
12. ~D ~F 3vD

0 )
1. ~(~MVF) =(-Dv~F) SM
2. ~ (D v F) ~~(DVvF)y 1~=D
3. ~(~Dv~F) ~Dv~F» 1~=D
4. Dv F»” 2~~D
5. /D\ /F\ 3 vD
6 D F D F 4 vD
7. ~D X o o X 2 ~vD
8. ~F 2 ~vD
9. ~~Dy” 3 ~vD
10. ~~F 3 ~vD
11. D 9~~D

X

Neither the tree for the sentence nor the tree for its negation is closed. There-
fore the sentence is truth-functionally indeterminate.

SOLUTIONS TO SELECTED EXERCISES ON PP. 148-149 61



2.a. 1. ~[(B>L) v (L>B)]»” SM
2. ~ (B o L) 1~vD
3. ~ (L o B)» 1~vD
4. B 2 ~2D
5. ~L 2 ~>D
6. L 3 ~2D
7. ~B 3 ~2D
X

Since the truth-tree for the negation of the given sentence is closed, the given
sentence is truth-functionally true.

c. 1. ~[(A=K) > (Av K] SM
2. A=Ky 1~vD
3. ~ (A v K 1~vD
4. ~A 3 ~vD
5. /K\ 3 ~vD
. A ~A 2 =D
7. K ~ K 2 =D
X o

Since the truth-tree for the negation of the given sentence is not closed, the
given sentence is not truth-functionally true. The recoverable set of truth-value
assignments is

A K
F F

e. 1. ~[[(JD7Z) &~7] > ~J» SM
2, (J2Z) & ~ 71~ 1~vD
3. -~~~ 1~vD
4, ] 3~~D
5. o 7~ 2 &D
6. -7 2 &D
7. ~] Z 5 5D

X X

Since the truth-tree for the negation of the given sentence is closed, the given
sentence is truth-functionally true.
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g L ~ B> (M>H)) =[(Bo>M) > (B> H)]»”

2. B> (M>H) ~Bo>(M>DH))»
3. ~[{Bo>M) > (B>H)|» (Bo>M) o (BoH)
4. B> My
5. ~ (B> H)»
6. B
8 ~B M
A
9 ~B M o> Hy»”
X /\
10. ~M H
X X
11. B
12. ~ (M > H)»~
13. M
" /H\
15. ~(B>M)» BDOHY
16. B
17. ~M
X
18. ~B H
X X

SM

1~=D
1~=D
3 ~2D
3 ~2D
5 ~2D
5 ~2D

4 oD

2 oD

9 oD

2 ~ oD
2 ~ oD
12 ~oD
12 ~ oD

3 oD
15 ~ oD
15 ~ oD

15 oD

Since the truth-tree for the negation of the given sentence is closed, the given

sentence is truth-functionally true.

1. 1. ~((A&~B) o~ (AvVvB)) SM
2. A& ~ By 1~2D
3. ~~(Av B 1~2D
4. A 2 &D
5. ~B 2 &D
6. 7\&/ 3~~D
7 A B 6 vD
o) X
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I'he tree for the negation of the sentence is not closed. Therefore the sentence
is not truth-functionally true. The recoverable set of truth-value assignments i

A B
T F
koL N(((W)VQV sm
2. (A & B) o C»~ ~ ((A & B) o C)» 1~=D
3. ~((A>~B) v (A>~B) v 1~=D
4. ~(AD~B)” 3 ~vD
5. ~C 3 ~vD
6. A 4 ~2D
7. ~~By” 4 ~>oD
8. /B\ 7~~D
9. ~ (A & B)»~ C 2 oD
X
10. ~A ~B 9 ~&D
11. X X A & B 2 ~ oD
12. ~C 2 ~ oD
13. A 11 &D
14. B 11 &D
15. A>D~BY” C 3 vD
X
16. ~A ~B 15 oD
X X

The tree for the negation of the sentence is closed. Therefore the sentence i
truth-functionally true.

m. 1. ~((ADB&C) > A>(B>DQC)) SM
2. A>D B & C)v 1~>D
3. ~(A> (B> Q) 1~2D
4. A 3 ~ oD
5. ~ (B 2C)v 3 ~>2D
6. B 5~2D
7. ~C 5 ~>D

8. ~A B & Cv” 22D
9. X B 8 &D
10. C 8 &D
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he tree for the negation of the sentence is closed. Therefore the sentence is
truth-functionally true.

o. 1. ~(((A&B)yoC)=A> (B>2Q)) SM
2. A& B)oCr ~ ((A&B)>C) 1~=D
3. ~(A> (B2 Q) AD (B>2C)” 1~=D
4. A 3 ~2D
5. ~ (BoC)v 3 ~2D
6. B 5 ~>2D
7 /NC\ 5 ~>2D
8. ~ (A & B)” C 2 oD
/\ X
9. ~A ~B 8 ~ &D
10. X X A & B 2 ~ oD
11. ~C 2 ~ oD
12. A 10 &D
13. /B\ 10 &D
14. ~A B> Cv 3 oD
X
15. ~B C 14 oD
X X

The tree for the negation of the sentence is closed. Therefore the sentence is
truth-functionally true.

3.a. 1. ~ (~AD A SM
2. ~A 1~5D
3. ~A 1~o5D
(0]

The tree for the sentence does not close. Therefore the sentence is not truth-
functionally false. The recoverable set of truth-value assignments is

A

F

Since not all sets of truth-value assignments are recoverable, the sentence is
not truth-functionally true. Therefore it is truth-functionally indeterminate.
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c. 1. A=~A)>D~ (A=~A) SM

2. ~(A=~Ap ~ (A =~A)p 15D

3. A ~A A ~A 2 ~=D

4. ~~ A~ ~A ~~ A ~A 2 ~=D

5. A o A o 4~~D
(0] o

The tree for the sentence does not close. Therefore the sentence is not truth-
functionally false. The recoverable sets of truth-value assignments are

A

o=

Since all sets of truth-value assignments are recoverable, the sentence is truth-
functionally true.

e. 1. (~B&~D)v~ (Bv D) SM
2. ~B & ~Dv” ~ (B v D) 1vD
3. ~B 2 &D
4. ~D 2 &D
5. o) ~B 2 ~vD
6. ~D 2 ~vD
o

The tree for the sentence does not close. Therefore the sentence is not truth-
functionally false. The recoverable set of truth-value assignments is

B D

F F

Since not all sets of truth-value assignments are recoverable, the sentence is not
truth-functionally true. Therefore it is truth-functionally indeterminate.

g. L [AVB) & (Av(C)] o>~ (B & C)” SM
2. ~((AvB) & (AvQO)” ~ (B & C)v” 1 oD
3. ~ (A v B ~(Av Q) ~B ~C 2 ~ &D
4. ~A ~A o 0 3 ~vD
5. ~B ~C 3 ~vD
o) 0
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I'he tree for the sentence does not close. Therefore the sentence is not truth-
functionally false. The recoverable sets of truth-value assignments are

A B C
F F T
F F F
F T F
T F T
T F F
T T F

Since not all truth-value assignments are recoverable, the sentence is not truth-
functionally true. Therefore it is truth-functionally indeterminate.

i1 (Jv~K) =~~ (K> )~ SM
2. Jv~Kp~ ~(Jv~Kp” 1 =D
3. ~~ (K>~ = (KD )~ 1 =D
4. K ~ (Ko ] 3~~D
5. J ~K 2 vD

SN /N

6 ~K ] ~K ] 45D
7. o o o o ~] 2 ~vD
8. ~~ Ky 2 ~vD
9 K 8 ~~D
10 K 4 ~>D
11. ~J 4~5D

The tree for the sentence does not close. Therefore the sentence is not truth-
functionally false. The recoverable sets of truth-value assignments are

=

J

PR
o=

Since all truth-value assignments are recoverable, the sentence is truth-
functionally true.
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4.a. False. A tree for a truth-functionally true sentence can have some
open and some closed branches. ‘(H v ~ H) v (~ H & H)’ is clearly truth;
functionally true, inasmuch as its left disjunct is truth-functionally true. Yet the
tree for this sentence has two open branches and one closed branch.

1. Hv ~H) v (~ H & H)»” SM
2. Hv -~ H¥ ~H & H¥ 1vD
3. ~H 2 &D
4. H 2 &D
X
5. H ~H 2 vD
o o

c. False. Many truth-functionally indeterminate sentences have com;
pleted trees all of whose branches are open. A simple example is

1. Hv G SM
2. H G 1 vD
o o

e. False. Some such unit sets open trees; for example, P v Q does, but
not all such unit sets have open trees. For example, P & Q has a closed tree
itPis 'H& G and Qis '~ H & K.

1 H& G) & (~H & K)»” SM

2 H & G 1 &D
3. ~H & Ky 1 &D
4. H 2 &D
5 G 2 &D
6 ~H 3 &D
7 K 3 &D

X

g. The claim is false. If P and Q are both truth-functionally true, then
P& Q,PvQ, P> Q,and P = Q are also truth-functionally true. Therefore
the unit set of each is truth-functionally consistent and will not have a closed
truth-tree. But each may still have a tree with one or more closed branch. For
example, if Pis ‘(Av ~A) v (B&~B) thenP & Q,P v Q, and P = Q will
each have at least one closed branch—the one resulting from the decomposij
tion of ‘B & ~ B’. And if Pis ‘A v ~ A’ and Q is ‘B v ~ B’, then the tree for
P 5 Q will have a closed branch, the one resulting from the occurrence of]
‘~ (A v ~A) on line 2 of the tree for this sentence.

i. The claim is false. Given that both P and Q are truth-functionally)
false, P & Q and P v Q will also be truth-functionally false, and hence will have

closed truth-trees. However, P © Q and P = Q will both be truth-functionally

68 SOLUTIONS TO SELECTED EXERCISES ON PP. 148-149



true. (The only way P © Q could fail to be truth-functionally true would be
there to be a truth-value assignment on which P is true and Q is false, but there
is no truth-value assignment on which P is true since P is truth-functionally
false. The only way P = Q could fail to be truth-functionally true would be for
there to be a truth-value assignment on which P and Q have different truth-
values. But then there would have to be an assignment on which one of P and
Q is true, but there can be no such assignment since both P and Q are truth-
functionally false.) And sentences that are truth-functionally true have com-
pleted truth-trees that are open, not closed.

k. The claim is false. If P is, as stated, truth-functionally true and Q is
truth-functionally false, then P & Q, P © Q, and P = Q will all be truth-
functionally false. P & Q so because there will be no truth-value assignment on
which P and Q are both true (because Q is truth-functionally false. Hence P & Q
will have a closed truth-tree (one on which every branch is closed). Similarly,
P 5 Q will be false on every truth-value assignment because P will be true and
Q false on every assignment. So the tree for P 5 Q will also be closed. P = Q
will be truth-functionally false because on every truth-value assignment P will be
true and Q false, so there will be no assignment on which P and Q have the
same truth-value, that is, no assignment on which P = Q is true. So the tree for
P = Q will be closed. However, P v Q will be truth-functionally true, because P
is truth-functionally true. Line 2 of the tree will contain P on the left branch
and Q on the right. Because P is truth-functionally true, subsequent work on
the left branch will yield at least one (in fact at least two) completed open
branches (see answer to exercise h). The right branch, that which has Q at the
top, will become a closed branch because Q is truth-functionally false.

Section 4.6E

l.a. 1. ~[~(ZvVvEK)=(~7Z&~K) ] SM
2. ~ (Z v K)» ~~(Z v Ky 1~=
3. ~ (~Z & ~K)»” ~7 & ~Kp” 1~=D
4. ~ 7 2 ~vD
5. ~K 2 ~vD
6. ~~ 7 ~ ~Ky” 3 ~&D
7. 7 K 6 ~~D
X X
8. 7 v K 2~~D
9. ~7 3 &D
10. ~K 3 &D
11. V4 K 8 vD
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Our truth-tree for the negation of the biconditional of the sentences we are
testing, ‘~ (Z v K)" and ‘~ Z & ~ K’, is closed. Therefore that negation is truth;
functionally false, the biconditional it is a negation of is truth-functional true,
and the sentences we are testing are truth-functionally equivalent.

c. 1. ~[[(B&C)DR] =[(BDR) & (C>R)]|]»” SM
2. (B & C) DR~ ~ [B & C) o R}~ 1~=D
3. W) (BoR) & (CoR)¥»™ 1~=D
4. (BDR ~(CDR)1/ 3 ~ &D
5 4 ~ oD
6 ]R\ 4 ~ oD
7 B&Cr R ~B&Cr R 2 oD
: /\
8 C ~B ~C 7~ &D
X [e} o} X
9. B & Cv 2 ~ 2D
10. ~R 2 ~ 2D
11. B 9 &D
12. C 9 &D
13. B o> R 3 &D
14. C>oR 3 &D
15. ~B R 13 oD

X X

Since our truth-tree for the negation of the biconditional of the sentences we
are testing is open, those sentences are not truth-functionally equivalent. The
recoverable sets of truth-value assignments are

B C R
T F F
F T F
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e. 1 ~([A& BvCO]=[A&B) v A&QC]) SM

2. A& (Bv Qs ~[A& (Bv Q) 1~-=D
3. ~[(A&B)V (A&CTr (A&B) Vv (A& Q) 1~=D
4. A 2 &D
5. B v C” 2 &D
6. ~ (A & B~ 3 ~vD
7. ~7¥Q/ 3 ~vD
8. ~A ~C 7~ &D
. /\
9. ~A ~B 6 ~ &D
: /\
10. B C 5 vD
X X
11. A & B A& C 3 vD
12. A A 11 &D
13. /B\ /C\ 11 &D
14. ~A ~BvVC¥ ~A ~BvC¥ 2-~&D
X | X |
15. ~B ~B 14 ~ vD
16. ~C ~C 14 ~ vD
X X

Since our truth-tree for the negation of the biconditional of the sentences we
are testing is closed, those sentences are truth-functionally equivalent.
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Gt 0 N

10.
11.
12.

13.

14.
15.

~D

=}

~ (D> @L>M) =((D>oL) oM

D> (LM ~[D> (L>M]
~[(D>oL) oM (Do L) oM
Do L
/NM\
~L M
X
L ~D L
o o X
D
~ (LM
L
~M

SM

6 oD

4 oD

2 ~>D
2 ~ oD
10 ~ oD
10 ~ oD

32D

13 ~ oD
13 ~ oD

Since our truth-tree for the negation of the biconditional of the sentences we
are testing is open, those sentences are not truth-functionally equivalent. The
recoverable sets of truth-value assignments are
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i 1. ~[(ADA) = (BB SM

2. ADA ~ (AD A 1~=D

3. ~ (B> B Bo5B 1~=D

4. B ‘ 3~ 5D

5. ~B 3 ~2D

6. X A 2 ~2D

7. ~A 2 ~ oD
X

Since the truth-tree is closed, the sentences being tested are truth-functionally
equivalent.

k1. ~[(A&~B) = (~A v B)]»” SM
9. A & ~ B~ ~ (A & ~ By~ 1-=D
3, ~(~Av B~ ~Av B 1~=D
4, A 9 &D
5. ~-B 9 &D
6. -~ AL 3~ D
7. ~B 3 ~vD
8. A 6~~D
9. o ~A ~-B 9 ~ &D
10. ////1 B 9~-D
/\
11 ~A B ~A B 3 VD
(0] o (o] (o]

Since the truth-tree is not closed, the sentences being tested are not truth-
functionally equivalent. The recoverable sets of truth-value assignments are

A B
T F
F F
F T
T T
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m. I ~[~-(A=B)=(-A=-~B)”

2. ~ (A =By ~~ (A =B
3. ~(~A=~By ~A=-~B»
4 A ~A
5 ~B B

6. ~A  ~~A  ~A ~--A

7. ~~Bw» ~B ~~B  ~B

8. B | B X

9. X A o

10. o A = By

11. A ~A

12. /B‘\ ~B

13. ~A ~~AY ~A ~~AV
14. ~B ~~By ~B ~~B
15. X A o A
16. B X

Since the truth-tree has at least one completed open branch, the sentences
being tested are not truth-functionally equivalent. The recoverable sets of

truth-value assignments are

A B
T T
F F

SM
1~=D
1~=D
2~ =
2 ~ =D
3~ =D
3~ =D
7~~D
6~~D
2~~D
10 ~ =D
10 ~ =D
3 =D

3 =D
13~ ~D
14 ~ ~ D,
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10.
11.
12.
13.

14.
15.
16.

N Ok o

~[(A& Bv(C)]=((A&B) v A&CJ”

A& (Bv Qs ~[A& (Bv Q)
~[(A&B) Vv (A& Q) (A&B) v (A& C)”
A
Bv Cvr
~ (A & By~
~ (A & C)»”
~A - B
‘ /\
B C
x /\
~A  -~C
X X ~A ~ (Bv Q)
~B
~C

A&Br A&Cr A&Br A&CrH

A
B
X

X O

A A
B C
X X
equivalent.

completed open trees.

functionally false sentences has a closed tree.

SM
1~=D
1~=D
2 &D
2 &D
3 ~vD
3 ~vD
6 ~ &D
5 vD
7 ~ &D
2 ~ &D
11 ~vD
11 ~vD
3 vD
14 &D
14 &D

Since the truth-tree is closed, the sentences being tested are truth-functionally

2.a. True. If P and Q are truth-functionally equivalent, their bicondi-
tional is truth-functionally true. And all truth-functionally true sentences have

c. False. The tree for the set {P, Q} may close, for P and Q may both
be truth-functionally false. Remember that all truth-functionally false sentences
are truth-functionally equivalent and a set composed of one or more truth-
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Section 4.7E

l.a. 1. A> (B & C)” SM
2. C=B SM
3. ~-C SM
4. ~~ A SM
5. /A\ 4~~D
6. ~A B & C»” 1 oD
7. X B 6 &D
8. C 6 &D

X

Our tree is closed, so the set {A © (B & C), C = B, ~ C} does truth-functionally
entail ‘~ A’.

c. L. ~ (A =By SM
2. ~A SM
3. ~B SM
4. ~(C & ~C) SM
5 A ~A 1~=D
6 ~B B 1~=D
X X

Our tree is closed, so the set {~ (A = B), ~ A, ~ B} does truth-functionally
entail ‘C & ~ C’.

e. 1. ~~Fo~~GY SM
2. ~Go ~F SM
3. ~(GoF) SM
4. G 3 ~2D
5. ~F 3 ~2D
6. ~~~F” ~~ G 1 oD
7. /~F\ G 6 ~~D
8. ~~ G ~F ~~G/l/\~F 2 oD
9. G o G o 8~~D

o o)
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Our truth-tree is open, so the set {~~F> ~~ G, ~G O ~F} does not truth-
functionally entail ‘G D F’. The recoverable set of truth-value assignments is

F G
F T
g. 1. [(Cv D) &H] o A SM
2. D SM
3. ~(H> A SM
4. H 3 ~>2D
5. ~A 3 ~2D
6. ~[(C v D) & H]» A 1 oD
X
7. ~ (C v D)~ ~H 6 ~ &D
X
8. ~C 7 ~vD
9. ~D 7 ~vD
X

Our truth-tree is closed, so the given set does truth-functionally entail ‘H 5 A’.

i1 (JvM) D~ (] &M~ SM

2. M= (M> ] SM

3. ~ (M D] SM

4, M 3~ oD

5. ~] 3 ~>2D

6. ~(Jv M ~ (] & M)~ 15D

7. ~J /\ 6 ~vD

8. ~M 6~ vD

9. X M ~M 2 =D

10. M S i ~(M>]J) 2 =D

X

11. ~] ~M 6 ~ &D
/N

12. ~M J 10 oD
X X

The tree is closed, so the set {(J v M) D~ (] & M), M = (M D ])} does truth-
functionally entail ‘M > J’.
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K. 1. ~(~A=B)> (~A=-~B)) SM
2. ~ (A =B 1~>D
3. ~(~A=~B)” 1~>D
4 A ~A 2 ~=D
5 /NB\ /B\ o
6 ~A ~~AY” ~A ~~AY” 3 ~=D
7 ~~B ~B ~~ B ~B 3 ~=D
8 X A A 6~~D
9 o B X 7~~D

Our truth-tree is open, so the empty set does not truth-functionally entail

‘~ (A =B) o (~ A= ~B)’. The recoverable sets of truth-value assignments are

A B

T F

F T

m. 1. ~(((AD>B)o(C>D)) o (Co> (B>D))) SM
2. (AD>B) o (CoD) 1~>D
3. ~(C> (B> D)) 1~ oD
4. C 3 ~2D
5. ~ (B o D) 3 ~oD
6. B 5 ~>2D
7. ~D 5 ~2D
8. ~ (A D B C oDV 2 5D
9. A 8 ~oD
10. ~B 8 ~ oD
11. X ~ G D 8 oD
X X

The tree is closed, so the empty set does truth-functionally entail ‘[(A D B) 5
(CoD)]o[Co>B>2D)].

78 SOLUTIONS TO SELECTED EXERCISES ON PP. 156-158



2.a. 1. M > (K> B)» SM
2. ~K>~My” SM
3. L & My SM
4. ~B SM
5. L 3 &D
6. M 3 &D
7. ~M K > By 1 oD

X /T
8. ~ K B 7 oD
/\ )
9. ~~Ky” ~M 2 oD
‘ X
10. K 9~~D
X

Our truth-tree for the premises and the negation of the conclusion of the
argument we are testing is closed. Therefore there is no truth-value assignment
on which the premises and the negation of the conclusion are all true, hence
no assignment on which the premises are true and the conclusion false. So
the argument is truth-functionally valid.

c. 1. A& (Bv G SM
2. (~CvH) & (H>~H) SM
3. ~ (A& By SM
4. A 1 &D
5. Bv Cr” 1 &D
6. ~C v H¥ 2 &D
7. H >~ H» 2 &D
8. ~A ~B 3~ &D
8 /\
9. B C 5 vD
: /\
10. ~C H 6 vD
) /\
11. ~H ~H 75D
X X

Our truth-tree for the premises and the negation of the conclusion of the argu-

Ment we arc testng is closed. I herefore the argument is oruth-functionally vafid.
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.1 M=K)v~(K&D) SM

2. ~M>D~ Ky ” SM

3. ~D>o~ (K& D) SM

4. ~M SM

5. /MI{I/ K&D 1vD

6. M ~M 5 =D

7. K ~K 5 =D

X /\
8. ~~Ml/ ~ ~~ My~ 2 oD
9. M 8~~D
X
10. ~~Dvr ~ (K& D) ~~DY” ~ (K & D) 3 oD
11. D D 10 ~~ D
o

12. ~K ~D ~K ~D 10 ~ &D
o ANA

13. ~K ~D ~K ~D ~K ~D 5~&D

o X 0 o o o

Our truth-tree for the premises and the negation of the conclusion of the argu
ment we are testing is open. Therefore that argument is truth-functionally
invalid. The recoverable sets of truth-value assignments are

D K M
T F F
F F F
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g I B& (HvV 7)»~” SM
2. ~7Z > Ky SM
3. (B=17)>~7Z¥ SM
4, ~K SM
5. ~ (M & N) SM
6. B 1 &D
7. Hv Z 1 &D
8. ~~ 7 K 2 oD
‘ X
9. /Z\ 8~~D
10. ~B=2) -7 3 oD
/\ g
11. B ~B 10 ~ =D
12. ~7Z Z 10 ~ =D

Our truth-tree for the premises and the negation of the conclusion of the argu-
ment we are testing is closed. Therefore that argument is truth-functionally
valid. Notice that our tree closed before we decomposed the negation of the
conclusion. Thus the premises of the argument form a truth-functionally
inconsistent set, and therefore those premises and any conclusion constitute a
truth-functionally valid argument, even where the conclusion has no atomic
components in common with the premises.

il A& (BDC)r SM
2. ~ (A& C) Vv (A & ~ B SM
3. A 1 &D
4. B> C» 1 &D
5. ~ (A & )~ 9~ D
6. ~ (A & ~ B} 9 ~vD
7. ~B /C\ 4 oD
8. ~A ~C ~A ~C 5~ &D

X /\ X X
9. ~A ~~ By 6 ~ &D
10. X B 9~~D
X

Our truth-tree for the premise and the negation of the conclusion is closed.
Therefore the argument is truth-functionally valid
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k1. ADS~AV SM
2. (B> A) DB SM
3. ~ (A =~B)” SM
4. A ~A 3 ~=D
5. ~~ By ~B 3 ~=D
6. /B\ 5~~D
7. ~ (B> AW B ~B>5A» B 2 5D
8. B B X 7 ~ oD
9. ~A ~A 7 ~>D
0. X ~A ~A X 12D

X X

Our truth-tree for the premise and the negation of the conclusion is closed.
Therefore the argument is truth-functionally valid.

3.a. In symbolizing the argument we use the following abbreviations:

Here is our tree for the premises and the negation of the conclusion:

1
2
3
4.
5
6
7

®

Since our truth-tree is closed, the argument is truth-functionally valid.

Members of Congress claim to be sympathetic to senior citizens.
More money will be collected through social security taxes.
The social security system will succeed.

Many senior citizens will be in trouble.

S =My SM
SvT SM
C &~ My SM
~~ Sy SM
S 4~~D
C 3 &D
/~M\ 3 &D
S ~S 1 =D
M ~M 1 =D
X X
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—

15.

w 2T Y0 p

c. In symbolizing the argument we use the following abbreviations:

The President acts quickly.

The President is pressured by senior citizens.

Senior citizens will be delighted.

The President is pressured by members of the House.
The President is pressured by members of the Senate.

The social security system will be saved.

Here is our tree for the premises and the negation of the conclusion.

S L PO 0N

(ADS) & (S>> D) SM
[(Mv H)vC] oA SM
~MvVvH) &Cr SM
~D SM

~ (M v H)»” 3 &D

C 3 &D

~M 5~vD

~H 5~vD

A DS 1 &D

S o> Dy 1 &D

T

11.
12.

13.

14.

~[(M v H) v Cl»” A
~ (M v H)
~C
X
A
~A S
X X

2 oD
11 ~ vD
11 ~ vD

10 oD

9 oD

Since our tree is closed, the argument is truth-functionally valid.
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e. In symbolizing the argument we use the following abbreviations:

H: The House of Representatives will pass the bill.

S: The Senate will pass the bill.

T: The President will be pleased.

V: The voters will be pleased.
W: All the members of the White House will be happy.

Here is our tree for the premises and the negation of the conclusion.

1. ~ (S & H)» SM
2. [(HvS)DV] & [(S&H) >~ T SM
3. ~T>o>~ W SM
4. ~~ W SM
5. w 4~~D
6. (HvS) oV 2 &D
7. (S& H) o~ T 2 &D
8. ~~ T ~W 32D
‘ X
9. T 8~~D
10. ~ (S & H)» ~T 7 5D
X

11. ~ (H v S)»~ A% 6 oD
12. ~H 11 ~ vD
13. ~S 11 ~ vD
14. ~S ~H ~S ~H 10 ~ &D
5. ~-S ~-H ~-S ~-H ~S ~H ~S ~H 1~ &D

o o o o o o o o

Since our truth-tree is open, the argument is truth-functionally invalid. The
recoverable sets of truth-value assignments are

H S T w \Y
T F T T T
F T T T T
F F T T T
F F T T F

84 SOLUTIONS TO SELECTED EXERCISES ON PP. 156-158



4.a. The first of the following arguments is truth-functionally invalid, the
second truth-functionally valid. In each case the tree for the premise and the
conclusion is open. This demonstrates that constructing a tree for the prem-
ises of an argument and the conclusion of the argument and finding that the
tree has a completed open branch establishes neither that the argument is
truth-functionally valid nor that it is truth-functionally invalid.

Hv G H& G
G G
1. Hv G SM
G SM
3 H G 1vD
0] o
1 H & G SM
2. G SM
3. H 1 &D
4. G 1 &D
o

c. Since constructing a tree for the premises of an argument and the
conclusion, whether the tree be open (see answer to a above) or closed (see
answer to b above), establishes neither that the argument is truth-functionally
valid nor that it is truth-functionally invalid, there is clearly no useful infor-
mation to be gained by constructing such a tree.

5. The needed rules are

P|Q~ |D ~PlQ» ~D

N 0
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1. ~ [(A]B) = [(A]A) v (B[B)IT»” SM

2. AlBy~ ~ AlBr 1 ~ =D
3. ~ [(AlA) v (B[B)]~ [(AlA) v (B[B)]s~ 1~ =D,
4. ~ A|JAr~ 3 ~vD
5. ~ B[B” 3 ~vD
6. A 4~|D
7. A 4~|D
8. B 5~ |D
9. /B\ 5~ D
10. ~A ~B 2 |D
X X
11. A ~|D
12. /B\ 2~D
13. AlAr B|By~ 3 vD
14. ~A ~A ~B ~B 13 |D
X X X X

The truth-tree is closed. Therefore the sentences we are testing are truthy
functionally equivalent.
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