CHAPTER FIVE

Exercises 5.1.1E

l.a. Derive: A & B

1A Assumption
2| A>B Assumption
3| B 1,2 SE

41 A&B 1, 3 &I

c. Derive: A D (-~ C & ~ B)

1| AD(~B&~C) Assumption
2 A / ol

3 ~B&~C 1, 2 oE

4 ~B 3 &E

5 ~C 3 &E

6 ~C&~B 4,5 &I

71 Ao (- C&~B) 1-6 oI

e. Derive: ~A D [B & (D & C)]

1| ~A>B Assumption
2| BoD Assumption
3| ~A>C Assumption
4 | ~A A/ ol

5 B 1,4 oE

6 D 2,5 oE

7 C 3, 6 oF

8 D & C 6, 7 &I

9 B & (D & C) 5, 8 &I

101 ~AD[B & (D & Q)] 4-9 ol

g. Derive: [(KVvL)DI] & [(KVvL)>~]]

1| KvL)oI&~]) Assumption
2 Kv L A/ ol

3 I1&~]J 1, 2 oE

4 I 3 &E

5] (KvL)ol 2-4 ol

6 Kv L A / ol

7 I1&~]J 1, 6 OE

8 ~J 7 &E

9| (KvL)yo~] 6-8 DE

101 [KvL)oI]&[(KvL)>~]] 5,9 &I
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i. Derive: A D (B o C)
1| (A&B)oC

A
B

A&B
C
BoC
A> (B> ()

O Ot 0 N

k. Derive: (A & B) o (C & D)
1| B&A) > (D&CQC)

nNo

A&B

B
A
B &A
D & C
C
D
C&D

S O W T T 0

[

m.Derive: (A & B) D E

A>C
BoD
(C&D)>E

A&B

A
B

C

D

C&D
E
(A& B) > E

—

— O © 0 g Ot B 0N

—_

Exercises 5.1.2E
l.a. Derive: ~ G

1] (GoI) &~1
G

Gol

~1
~G

Sy OU s 0 N
—

(A & B) D (C & D)

Assumption
A/ ol
A /ol

2,3 &1
1, 4 oFE
3-5 ol
2-6 ol

Assumption
A/ ol

2 &E
2 &E
3, 4 &I
1, 5 oE
6 &E
6 &E
7, 8 &I
2-9 ol

Assumption
Assumption
Assumption

A/ ol

4 &E

4 &E

1, 5 oFE
2,6 DE
7, 8 &I
3,9 DE
4-10 o1

Assumption
A/~1

1 &E
2,3 oE
1 &E
2-5 ~ 1
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c. Derive: ~ ~ B

~BoA
~Bo~A

J—

~~B

Sy OU s 0 N

e. Derive: A

(~A>~B)& (~ B> B)

|~A

~Bo>B
B

1

2

3

4 ~B
5

6

71 A

Exercises 5.1.3E

l.a. Derive: B v (K v G)

1| K
2| KvG

31 Bv (KvG)

c. Derive: D v E

1| EvD
2 E

3 DVE
4 D

5 DVE
61 DvE

e. Derive: F

1| ~EVF
2| ~EDF
3 ~E
4 F

5 F

6 F

71 F

~A>D~B

Assumption
Assumption

A/~1

1, 3 oE
2,3 DE
3-5 ~1

Assumption
A/~E

1 &E
2,3 oE
1 &E
4, 5 oE
2-6 ~ E

Assumption

IvI
2 vl

Assumption
A/ VE

2 vI

A/ VE

4 v 1
1, 2-3, 4-5 VE

Assumption
Assumption

A/ VE
2,320 E
A/ VE

5R
1, 3-4, 5-6 VE
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Exercises 5.1.4E

l.a. Derive: L

1| K=(~-E&L) Assumption
2 Assumption
3 1,2 =E
4 3 &E
c. Derive: S & ~ A
1] (S=~1) &N Assumption
2| (N=~1) &~ A Assumption
3| ~A 2 &E
4| N=~1 2 &E
5| N 1 &E
6| ~1 4,5 =E
71S=~1 1 &E
8|S 6, 7 =E
91 S&~A 3, 8 &I
e. Derive: E = O
1| (Eo>T) & (T>O0O) Assumption
2|1 OoE Assumption
3 E A/ =1
4 EoT 1 &E
5 T 3, 4 oFE
6 ToO 1 &E
7 (@) 5, 6 DOE
8 O A/ =1
9 E 2, 8 DE
1001 E=0 3-7, 8-9 =1
Exercises 5.3E
1. Derivability
a. Derive: A D (A & B)
1| A>B Assumption
G| AD(A&B) 2— ol
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Derive: A D (A & B)

1
2
3
4
5

ADB
A

B
A&B
A> (A& B)

c. Derive: L = K

1| (KoL) & (L oK)
2 L

G K

G L

GIlL=K
Derive: L = K

1| (KoL) & (L oK)
2 L

3 LoK

4 K

5 K

6 KoL

7 L

81 L=K

e. Derive: C

B&~B

~C

Assumption
A/ ol

1, 2 oE
2,3 &I
2-5 ol

Assumption

A/ =1

A/ =1

-, -

Assumption
A/ =1

1 &E
2,3 OF

A/ =1

1 &E
5,6 D E
2-4, 5-7 =1

Assumption

A /~E
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Derive: C

B&~B

QU v O N —

g. Derive: D > B

1|A>C
21 (~AvC(C o (D>B)

G|~AvC

G ID>B
Derive: D o B

1| A>C

2| (~AvC o ((D>B)
3 ~(~Av QO
4 A

5 C

6 ~AvC

7 ~(~Av QO
8 ~A

9 ~AvC

10 ~(~Av Q)
11| ~AvC

121 Do B
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Assumption
A /~-E

1 &E
1 &E
2-4 ~E

Assumption
Assumption

2, __ DE

Assumption
Assumption

A /~E
A/~1

1, 4 oE
5 vI
3 R
4-7 ~1
8 vI
3 R
3,10 ~ E
2,11 oE



i. Derive: B

1|A>B

2|1 ~B&~C)DA
3 ~B

G IB

Derive: B

1| A>B

2| ~B&~C)DA
3 ~B

4 B&~C

5 B

6 ~B

7 ~ (B & ~ ()

8 A

9 B

10 ~B

11 1 B

k. Derive: B v ~ C

QQ

Av (B &C)

Co~A

A

Bv~C
B & C

Bv~C
Bv~C

Assumption
Assumption

A /~E

Assumption
Assumption

A/~ E
A/~1
4 &E
3 R

4-6 ~ 1
2,7 oE
1, 8 DE

3R
3-10 ~ E

Assumption
Assumption

A/ VE

A/ VE

1,3, —_ VE
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Derive: B v ~ C

1| Av (B&CQC) Assumption

21 Co~A Assumption

3 A A/ VE

4 A/~1

5 2,4 DE

6 3R

7 ~C 4-6 ~1

8 Bv-~C 7 V1

9 B &C A/ VE

10 B 9 &E

11 Bv~C 10 vI

121 Bv~C 1, 3-8, 9-11 VE
m. Derive: D o (F 2 C)

1| (AvB)oC

2| (DVE)>D[(FvG) oA]

3 D A / ol

G FoC

GID>(F>20) 3 ol

Derive: D o (F o C)

1| AvB)oC

2|1 (DVE)DI[(FvG) oAl

3 D A / ol

4 F A/ ol

5 DVE 3vi

6 (FvG) oA 2,5 DE

7 Fv G 4 VI

8 A 6, 7 OE

9 AvB 8 vI

10 C 1,9 oE

11 FoC 4-10 oI

121 Do (Fo Q) 3-11 oI
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o. Derive: B F

= 00N

G
G

Ao~ (Bv(O
(CvD)oA

~F> (D &~E)

B

F
BoF

Derive: B O F

1| Ao~ (BvO
21 (CvD)oA
3| ~Fo>(D&~E)
4 B
5 ~F
6 D&~E
7 D
8 CvD
9 A
10 ~ (B v Q)
11 BvC
12 F
131 BoF

q. Derive: H
1| F> (GvH)
2 | ~(~FvH)
3|~G
4 ~H
G ~FvH
G ~ (~F v H)
G | H

Assumption
Assumption
Assumption

A/ ol

4-__ ol

Assumption
Assumption
Assumption

A/ ol
A/ ~E

3,50 FE
6 &E
7 VI
2,80 E
1, 9 oE
4 vI
5-11 ~ I
4-12 ol

Assumption
Assumption
Assumption

A/~E

2 R
4 ~E
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q. Derive: H

1| Fo (Gv H) Assumption
2| ~(~FvH) Assumption
31 ~6G Assumption
4 ~H A/~ E
5 F A/ ~1
6 G Vv H 1, 5 DE
7 G A/ VE
8 A/ ~E
9 7R
10 3 R
12 8-10 ~ E
13 H A/ VE
14 ~H 4R
15 H 13 R
16 H 6, 7-12, 13-15 VE
17 ~H 4R
18 ~F 5-17 ~E
19 ~FvH 18 vI
20 ~ (~Fv H) 2 R
21 | H 4-20 ~ E
2. Validity
a. Derive: A D C
1| A>~B Assumption
2 Assumption
3 A/ ol
4 1, 3 oE
5 2,4 DE
61 A>C 3-5 ol
c. Derive: ~ B
1| A= Assumption
2 Assumption
3 A/ ~1
4 1, 3 =E
5 2 R
6 3-5~1
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e. Derive: A D [B > (C > D)]

1

g Ot B~ N

D

A

B

}lc)i

CoD
B> (CoD)
AD[B> (CoD)]

g. Derive: A D (D o C)

© 0 3 Ot W L N

AD (B>C)
DoB

A
D

BoC
B
C
Do C
A> (D>0)

i. Derive: A o C

12

~AvB
BoC

A>C

Assumption
A/ ol
A/ ol
A/ ol

1R

4-5 ol
3-6 ol
2-7 ol

Assumption
Assumption

A/ ol
A/ ol

1, 3 oE
2, 4 OE
5,6 D E
4-7 oI
3-8 ol

Assumption
Assumption

A/ ol
A/ VE
A/ ~E

3 R
4R
5-7 ~ E

A/ VE

2,9 oE
1, 4-8, 9-10 VE
3-11 o1

98 SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228



k. Derive: B

1| A> (C>B) Assumption
2| ~Co~A Assumption
31 A Assumption
4 ~B A/ ~E

5 CoB 1,3 oFE

6 C A/ ~1

7 B 5,6 D E

8 ~B 4 R

9 ~C 6-8 ~ 1

10 ~A 2,9 DE

11 A 3R
121 B 4-11 ~E

*m. Derive: F & G

1| F=G Assumption

21 FvG Assumption

3 F A/ VE

4 F 3 R

5 G A/ VE

6 F 1,5 =E

7| F 2, 34, 5-6 VE
8| G 1,7 =E

91 F&G 7, 8 &I

3. Theorems

a. Derive: A D (A v B)

1 A A/ ol
2 AvB 1vI

31 A> (AvB) 1-2 oI

c. Derive: A D [B D (A & B)]

1 |A A/ ol
2 B A/ ol
3 A&B 1, 2 &I
4 B> (A & B) 2-3 ol
51 AD[B> (A &B)] 1-4 oI
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e. Derive: (A = B) o (A D> B)

1 | A=B A/ ol
2 A A/ ol
3 B 1, 2 =E
4 A>DB 2-3 ol
51 (A=B) o (ADB) 1-4 oI

g. Derive: (AD B) o [(CD> A) o (C>B)]

1 ADB A/ ol
2 |CDA A/ ol
3 |C A/ ol
4 A 2, 3 Ok
5 B 1, 4 oE
6 CoB 3-5 oI
7 (CoA) o (CoB) 2-6 ol
81 (A>B)>[(C>A) o (C>B)] 1-7 oI
i. Derive: [AD B) & ~B] oD~ A
1 | (A>DB)&~B A/ ol
2 | A A/ ol
3 A>DB 1 &E
4 B 2,3 ol
5 ~B 1 &E
6 ~A 2-5 ~ 1
71 [(A>B) & ~B]>~A 1-6 oI
k. Derive: A > [B D (A D B)]

1 A A/ ol
2 B A/ ol
3 A A/ ol
4 B 2 R

5 ADB 3-4 ol
6 B> (A>B) 2-5 ol
71 Ao [B> (A>B)] 1-6 oI
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m. Derive: (ADB) D [~-B>~ (A &D)]

1 A>DB A/ ol
2 |~B A/ ol
3 |A&D A/ ~1
4 A 3 &E
5 B 1, 4 oE
6 ~B 2 R

7 ~ (A &D) 36 ~ 1
8 ~Bo~ (A&D) 2-7 oI
91 A>DB)>[~-B>~ (A&D)] 1-8 oI

4. Equivalence

a. Derive: A & ~ A

Assumption
A/ ~E

1 &E
1 &E
A&~A 2-4 ~E

U~ 00 N

Derive: B & ~ B
1] A& ~A Assumption
A/ ~E

1 &E
~A 1 &E
B&~B 2-4 ~E

QU s 0 N

c. Derive: (A v B) D A
BoA Assumption
AvVvB A/ ol
A A/ VE
A 3R
B A/ VE
A

1,5 oF
A 92, 84, 5-6 VE
(AvB) DA 2-7 ol

W T UL W W R

SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228 101



Derive: B o A

U 0 N

. Derive: ~ (A = B)
1| A&~B)v (B&~A)

2 A&~B
3 |A=B
4 A

5 B

6 ~B

7 ~(A=B)
8 B&~A
9 | A=
10 B

11 A

12 ~A
13 ~(A=B)
14| ~@A=B)

Derive: (A& ~B) v (B &~ A)

1|~ (A=B)

2 ~[A&~B) v (B&~A)]

3 A

4 |~ B

5 A&~B

6 (A& ~B) v (B &~ A)

7 ~[(A&~B) v (B&~A)]
8 B

9

10 | ~A

11 B&~A

12 (A& ~B) v (B &~ A)
13 ~[(A& ~B) v (B & ~ A)]
14 A

15 A=B

14 ~(A=B)

151 (A& ~B) v (B&~A)
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Assumption
A/ ol
2 vI

1, 3 oE
2-4 ol

Assumption
A/ VE
A/ ~1

2 &E
3,4 =F
2 &E

9-6 ~ 1

A/ VE
A/ ~1

8 &F

9,10 =E
8&E

9-12 ~ 1

1, 2-6, 7-13 VE

Assumption
A/ ~1
A/ =1
A/ ~E

3, 4 &I
5 vI
2 R
4-7~1

A/ ol
A/ ~E

9, 10 &I

11 v I

2 R

10-13 ~ E
3-8, 9-14 =1
1R

2-14 ~ E



5. Inconsistency

a. Derive: A D A,

1] ~(A>A)
2 A
3 A
4 ADSA
51 ~ (Ao A)

c. Derive: A, ~ A
A=B

Bo~A
A

TR S N O
>

~A

e. Derive: A, ~ A

AD~A
~ADA

O Ot 0 N~

~ (ADA)

g. Derive: A v B, ~ (A v B)

—

~ (A v B)
CoA

C

A
AvVvB

~C

AvVvB
~ (A v B)

— O © 0 g Ot = 0N

—_

~CoA

~(AV B)

Assumption
A/ >l

2R
2-3 ol
1R

Assumption
Assumption
Assumption

3R
1, 4 =E
2,5 DFE

Assumption
Assumption

A/ ~1

1,3 oF
3 R

A/ ~1
2,6 OFE

Assumption
Assumption
Assumption

A/ ~1

2,4 oE
5 vl
1R
4-7 ~ 1
3,8 OE
9 vI
1R
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i. Derive: F v G, ~ (F v G)

1| ~FvG) =((ADA)
2| HoF
3| ~HOF
4 A
5 A
6| ADA
71 ~FvG)
8 H
9 F
10 FvG
11 ~(Fv G)
12 | ~H
13 | F
141 FvG
6. Derivability
a. Derive: A =B
1| A>B
2| ~A>D~B
3 A
4 B
5 B
6 ~A
7 ~B
8 B
9 A
10l A=B
c. Derive: A
1| A= (~BvOQ
2| BoC
3 ~A
4 B
5 C
6 ~BvC
7 A
8 ~A
9 ~B
10 ~BvC
11 A
12 ~A
13 1 A
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Assumption
Assumption
Assumption

A/ ol

4R
4551
1,6 =E
A/~1

2, 8 oE
9 vl
7R
8-11 ~ 1
3, 12 DE
13 vI

Assumption
Assumption

A/ =1
1, 3 oE
A/ =1
A/ ~E

2,6 DOE

5 R

6-8 ~ E
34, 5b-9 =1

Assumption
Assumption

A/ ~E
A/ ~1

2,4 oE
5 vl
1, 6 =E
3 R
4-8 ~ 1
9viI
1, 10 =E
3 R
3-12 ~ E



e. Derive: B v D

15
16

Bv (Cv D)
CoA
A>~C

B

BvD
BvD
BvD

. Derive: (A v B) o~ C

A> (D &B)
(~D =B) & (C> A)

AvVvB

CoA
A

D &B
D
~D =
B
~D
~C
~C
(AvB)o~C

Assumption
Assumption
Assumption

A/ VE
4 vI

A/ VE
A/ VE
A/ ~E

2,7 ok
3,9 DE
7R

8-11 ~ E

A/ VE

13 vI
6, 7-12, 13-14 VE
1, 4-5, 6-15 VE

Assumption
Assumption

A/ ol
A/ VE
A/ ~1

1, 4 oE
2 &E
6 &E
7, 8 =E
6 &E
5-10 ~ I

A/ VE
A/ ~1

2 &E

13, 14 oE

1, 15 oE

16 &E

2 &E

16 &E

18, 19 =E

13-20 ~ 1

3, 4-11, 12-21 VE
2-22 oI

SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228
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7. Validity

a. Derive: ~ (C = ~ A)

1

S O W TR N

J—

~ (CVvA)
C=~A
~A

C
CVvA
~ (CvA)
A
CVvA
~ (CVvA)
~(C=~A)

c. Derive: A =B

106 SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228

~A&~B

A

~B

Assumption
A/ ~1
A/ ~E

2,3 =K
4 vI
1R
3-6 ~E
7 vI
1R
2-9 ~ 1

Assumption
A/ =1
A/ ~E

1 &E
2R
3-5~FE

A/ =1
A/ ~E

1 &E

7R

8-10 ~ E
2-6, 7-11 =I



e. Derive: ~ H

0 J OO0t A~ N

9
10

11
12
13
14
15

H=~(I&~])
~I=~H
Jo~1

H

~T&~])
~1
~H
H

~1
I

~J
1&~]
~H

. Derive: H v ~ 1

FvG)v Hv~I
FoH
Io~G

FvG

Assumption
Assumption
Assumption

A/ ~1

1,4 =E
A/~E

2,6 =E
4R

6-8 ~ E
A/ ~1

3, 10 oF
9 R

10-18 ~ 1
9,13 & I
4-14 ~ 1

Assumption
Assumption
Assumption

A/ VE
A/VE
2,5 DFE
6 vI

A/ VE
A/~1

3,90 FE

8 R

9-11 ~ 1

12 vI

4, 5-7, 8-13 VE

A/ VE

15 R
1, 4-14, 15-16 VE

SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228
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i. Derive: F v (I & ~ G)

14
15
16
17

k. Derive: (~A =~C) D (~A = D)

108 SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228

~Fv~G)=~HVI
Fvi

F

Fv (I&~G)
I

~(Fv~G)

~HvVvI
HvI
Fv-~G

F

Fv(I&~G)
-G

1&~G
Fv(I&~G)
Fv(I&~G)
Fv(I&~G)

(~A=~0) =(B=-D)
~AD~B
Co~D

~A=~C

~A

~C
~A
~A=D
(~A=~C)> (~A=D)

Assumption
Assumption

A/ VE

3vI
A/ VE

A /~E

1, 7 =E
6 vI

79 ~E
A/ VE

11 vI
A/ VE

6, 13 &I

15 vI

10, 11-12, 13-15 VE
2, 3-5, 6-16 VE

Assumption
Assumption
Assumption

A/ ol
A/ =1
A/ ~E
1, 4 oE
6, 7 =E
2,5 oE
6-9 ~ E
A/ =1
A/ ~1

3, 12 oE
11R
12-14 ~ 1
4,15 =F
5-10, 11-16 =I
4-17 oI



m. Derive: ~ E

© O O O B W N

[ —
— O

— e
S TU 00 N

—
N3

18

19
20
21
22
22
23
24
25
26

~(ADB) & (C & ~ D)
(Bv~A) v [(C&E) > D]

E

Bv~A
B

ADB

ADB
ADB

(C&E) oD
| ~ (ASB)

C&~D
~D
C
C&E
D
ADB
ADB
~ (AD>B)
~E

9. Theorems

a. Derive: ~ (AD B) o ~ (A =B)

L T Ok 0 N

~ (ADB)
|AEB
A
B
ADB

~ (AD>B)
- (A=B)

~(ADB)>~ (A=B)
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Assumption
Assumption

A/~1
A/ VE
A/ VE
A/ ol

5 R
6-7>o1

A/ VE
A/ ol
A/ ~E

10 R

9 R

11-13 ~ E
10-14 oI

4, 5-8, 9-15 VE

A/ VE
A/ ~E

1 &E

19 &E

19 &E

3,21 &I

17, 22 OE

18-22 ~ E

2, 4-16, 17-23 VE
1 &E

3-25 ~ 1

A/ ol
A/ ~1
A/ ol
2,3 =K
3—4 ol
1R

2-6 ~ 1
1-7 oI



c. Derive: (AD B) v (BD A)

1

© 00 g Ok Lo N

—
(=]

11
12
13
14
15
16
17

e. Derive: [[AVvB) DC] =[(ADC) & (B> ()]

1

S © T OOk 0 N

— e
L N =

—
(SN

—
=]

N RN — — —
— O O o3
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~[(AD>B) v (BDA)]
B

|A

| B

ADB
(ADB)v(BoA)
~[(ADB) v (B>A)]

BoA

(A>B)v (BoA)
~[(ADB) v (B>2A)]
(ADB)v(BoA)

(AvB)oC

A

AvVvB
C
A>C
B

AvVvB

C

BoC
ADC) & (B> C)

(ADC) & (B2 Q)
AvVvB
A

A>C
C

B

BoC
C

C
(AvB)oC
[AVvB)DC]=[(ADC) & (B> Q)]

A/ ~E
A/ ~1
A/ ol

2 R
3-4 ol
5 vl
1R
2-7v1
A/ ol

A/ ~E

9 R

8 R
10-12 ~ E
9-13 ol
14 vI

1R

1-16 ~ E

A/ =1
A/ ol

2 vl

1, 3 oE
2-4 oI
A/ ol

6 vI

1,7 oE
6-8 oI
5,9 &I

A/ =1
A/ ol
A/ VE

11 &E
18, 14 oF

A/ VE

11 &E

16, 17 oE

12, 13-15, 16-18 VE
12-19 ol

1-10, 11-20 =1



g. Derive: ~ (A = B) = (A=~ B)

1 ~ (A =B) A/ =l
2 A A/ =1

3 B A/~1

4 A A/ =l

5 B 3R

6 B A/ =I

7 A 2R

8 A=B 45, 6-7 =I
9 ~ (A =B) IR

10 ~B 3-9 ~ 1

11 ~-B A/ =I

12 ~A A/~E

13 A A/ =1

14 A/~E

15 13 R

16 12 R

17 14-16 ~ E
18 B A/ =I

19 A/~E
20 18 R
21 11 R
29 A 19-21 ~ E
23 A=B 13-17, 18-22
24 ~ (A =B) IR
25 A 12-24 ~ E
26 A=-B 2-10, 11-25 =I
27 A=-B A/ =I
28 A= A/~1
29 B A/~1
30 A 98, 29 =F
31 ~-B 27, 30 =E
32 B 29 R
33 ~-B 29-32 ~ T
34 ~B A/~E
35 A 97, 34 =E
36 B 98, 35 =E
37 ~-B 34 R
38 B 34-87 ~ E
39 ~ (A =B) 98-38 ~ I
40 | ~ (A & B)

SOLUTIONS TO SELECTED EXERCISES ON PP. 223-228 111



10. Equivalence

a. Derive: ~~ A

U 0 N

c. Derive: A v A

1A
21 AVvA
Derive: A v A
1| AvVvA
2 A
|
41 A

e. Derive: B v A
1] AvB
2 A
3 BvA
4 B
5 BvA
6 BVvA

Assumption
A/ ~1

1R
2R
2-4 ~1

Assumption
A/ ~E

2R
1R
2-4 ~E

Assumption

A/ VI

Assumption
A/ VE

2 R
1, 2-3, 2-3 VE

Assumption
A/ VE

2 vI

A/ VE

4 vI
1, 2-3, 4-5 VE
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Derive: A v B
1| BvA
2 B

3 AvB
4 A
5

6

Av B
AvB

. Derive: (A v B) v C

1| Av (BvCQ(O

2 A

3 AvB

4 (AvB)vC
5 BvC

6 B

7 AV B

9 (AvB)vC
10 C

11 (AvB)vC
12 (AvB)vC
131 (AvB)vC

Derive: A v (B v Q)

1| (AvB)vC

2 AvB

3 A

4 Av (Bv Q)
5 B

6 BvC

7 Av (Bv Q)
8 Av (Bv Q)
9 C

10 BvC

11 Av (Bv Q)
121 Av Bv Q)

Assumption
A/ VE

2 vI

A/ VE

4 vI
1, 2-3, 4-5 VE

Assumption
A/ VE

2 vl
3 vI

A/ VE
A/ VE

6 vI
7 VI

A/ vl

10 vI
5, 6-9, 10-11 VI
1, 2-4, 5-12 VE

Assumption
A/ VE
A/ VE

3 vl

A/ VE

5 vI

6 vI

2, 3-4, 5-7 VE
A/ VE

9 vI
10 vI
1, 2-8, 9-11 VE
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i. Derive: ~ B o ~ A

1

O Ot 0 N

A>DB

A

B
~B
~A
~Bo~A

Derive: A D B

1

O Ot 0 N

~Bo~A

A>B

k. Derive: A = B

1

© 00 3 Ot ke N

(A& B) VvV (~A & ~ B)

A&B
A

B
B
A

A=B
~A&~B
A

Assumption
A/ ol
A/ ~E

1,8 oF
2 R

3-5 ~1
2-6 ol

Assumption
A/ ol
A/ ~E

2 R

1, 3 DE
3-5 ~E
2-6 oI

Assumption
A/ VE
A/ =1

2 &E

A/ =1

2 &E
3—4, 5-6 =I

A/ VE
A/ =1
A/ ~E

9 R

8 &E

10-12 ~ E
A/ =1

A/ ~E

14 R

8 &E

15-17 ~ E
9-13, 14-18
1, 2-7, 8-19 VE

i
=
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Derive: (A & B) v (~ A & ~ B)

1| A=B Assumption
2 ~[(A&B) v (~A&~B)] A/ ~E
3 A A/ ~1
4 B 1, 3 =E
5 A&B 3,4 &I
6 (A& B) v (~A & ~B) 5vI

7 ~[(A&B) v (~A & ~B)] 2 R

8 ~A 3-7~1
9 B A/ ~1
10 A 1,9 =E
11 ~A 8 R

12 ~B 9-11 ~ I
13 ~A&~B 8, 12 &I
14 (A& B) v (~A & ~B) 13 vI
15 ~[(A&B) v (~A&~B)] 2 R

16 | (A& B)v (~A&~B) 2-15 ~ E

m. Derive: (A v B) & (A v Q)

1| Av (B&CQC) Assumption
2 A A/ VE

3 AvVvB 2 vI

4 AvC 2 vI

5 (AvB) & (Av Q) 3, 4 &I

6 B & C A/ VE

7 B 6 & E

8 AvB 7 V1

9 C 6 &E

10 AvC 9 vI

11 (AvB) & (Av () 8, 10 &I
121 (AvB) & (Av () 1, 2-5, 6-11 VE
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Derive: A v (B & C)

1

W g Ot Bk~ 0N

11
12
13

(AV B) & (A v Q)

AvB
A

Av (B & Q)
B

Av C

A

Av (B&C)
C

B & C
Av (B & Q)

Av (B & C)
Av (B & C)

o. Derive: ~A v ~ B

~ (A & B)
~(~Av~B)
~A
~Av~B
~(~Av~B)
A
~B
~Av~B
~(~Av~B)
B
A&B
~ (A& B)
~Av~B

Assumption

1 &E
A/ VE

3 vl
A/ VE

1 &E
A/ VE

7 V1
A/ VE

5, 9 &I

10 vI

6, 7-8, 9-11 VE
2, 3-4, 5-12 VE

Assumption
A/ ~E
A/ ~E

3 vl
2 R
3-b ~E
A/ ~E

7 vI
2 R
7-9 ~ E
6, 10 &I
1R
2-12 ~ E
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Derive: ~ (A & B)

1| ~Av~B Assumption
2 A&B A/ ~1

3 ~A A/ VE

4 ~A 3 R

5 ~B A/ VE

6 A A/ ~1

7 B 2 &E

8 ~B 5R

9 ~A 6-8 ~ 1

10 ~A 1, 3-4, 5-9 VE
11 A 2 &E

12 1 ~ (A & B) 2-11 ~ 1

12. Inconsistency

a. Derive: B, ~ B

1| ADB) & (A>~B) Assumption
2|1 (CoA) & (~-C2A) Assumption
3| ADB 1 &E

4| A>~B 1 &E

5 | C A/ ~1

6 CoA 2 &E

7 A 5, 6 DK

8 B 3,7 ok

9 ~B 4,7 oE
10 | ~C 59 ~1
11| ~CoA 2 &E
12 | A 10, 11 oE
13 | B 3,12 oE
141 ~B 4,12 oE
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c. Derive: A, ~ A

1| C=vA Assumption
21 C=A Assumption
3 A A/ ~1

4 C 2,3 =E

5 ~A 1,4 =E

6 A 3 R

7| ~A 36 ~1

8 ~A A/ ~E

9 C 1, 8 =E

10 A 2,9 =E
11 ~A 8 R
12 1 A 8-11 ~ E

e. Derive: A, ~ A

1| ~[(AvB)vC] Assumption
21 A=~C Assumption
3 A A/ ~1

4 AvB 3 vl

5 (AvB)vC 4 vl

6 ~[(AvB)vC(C] 1R

7| ~A 3-6 ~ 1

8 ~A A/ ~E

9 C A/~1

10 A 2,9 =E
11 ~A 8 R

12 ~C 9-11 ~ I
13 A 2,12 =E
14 ~A 8 R

15 1 A 8-14 ~ E
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g. Derive: B, ~ B

1| A& (BvVO Assumption
2| (~CvH) & (H>D~H) Assumption
3| ~B Assumption
4| BvC 1 &E
5 B A/ VE
6 B 5 R
7 C A/ VE
8 ~CvVvH 2 &K
9 ~C A/ VE
10 ~B A/ ~E
11 C 7R
12 ~C 9 R
13 B 10-12 ~ E
14 H A/ VE
15 A/ ~E
16 2 &E
17 14, 16 oE
18 15,17 ~ E
19 B 8, 9-13, 14-18 VE
20 | B 4, 5-6, 7-19 VE
21 1 ~B 3 R
13. Validity
a. Derive: M
1| S&F Assumption
2| FoB Assumption
3|1 B&~M)>~S Assumption
4 A/ ~E
5 1 &E
6 2,5 oFE
7 6, 4 &I
8 3, 7 oE
9 1 &E
10 49 ~E
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c. Derive: ~ ]

1| (Co~R)& (R>oL) Assumption
21 C=(CvL) Assumption
3|1J>oR Assumption
4 J A/~1
5 R 3,4 oFE
6 RoL 1 &E
7 L 5, 6 oE
8 CvL 7 V1
9 C 2, 8 =E
10 Co>~R 1 &E
11 ~R 9, 10 oE
12 1 ~] 4-11 ~1

e. Derive: ~ M

1] ~RVW) Assumption
2 R=M) v[MvG) > W=M)] Assumption
3 M A/~1

4 R=M A/ VE

5 R 3,4 =E

6 Rv W 5 vI

7 MvG)d(W=M) A/ VE

8 Mv G 3 vl

9 wW=M 7, 8 OF

10 W 3,9 =E

11 RvW 10 vI

12 RvW 2, 4-6, 7-11 VE
13 ~(RvW) 1R

14 1 ~M 3-13 ~ 1
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g. Derive: HD ]

H&T) D]
(M>D) & (~D > M)
~T=(-D&M)
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Assumption
Assumption
Assumption

A/ ol
A/ ~E
A/ ~1

4, 6 &I
1, 7 oE
5 R

6-9 ~ 1
3,10 =F
2 &E

11 &E
12, 13 oE
11 &E
5-15 ~ E
4-16 ol



i. Derive: LD T

1| Lo(CvT Assumption
2 (~LvB)&(~Bv~CQ0 Assumption
3 L A/ ol
4 CvT 1, 3 oFE
5 C A/ VE
6 ~Bv-~C 2 &E
7 ~B A/ VE
8 ~LvB 2 &E
9 ~L A/ VE
10 A/ ~E
11 3 R
12 9R
13 10-12 ~ E
14 B A/ VE
15 A/ ~E
16 14 R
17 7R
18 15-17 ~ E
19 T 8, 9-13, 14-18 VE
20 ~C A/ VE
21 ~T A/ ~E
22 ~C 20 R
23 C 5R
24 T 21-23 ~ E
25 T 6, 7-19, 20-24 VE
26 T A/ VE
27 T 26 R
28 T 4, 5-25, 26-27 VE
29 |l LoT 3-28 o1
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14. Inconsistency

a. M>B) & (B> P) Assumption

M & ~P Assumption

M 2 &E
M>B 1 &E
B 3, 4 oF
BoP 1 &E
P 5, 6 DE
~P 2 &E

N =

0 3 O O W o

o

Bol Assumption
~B&~1)>C Assumption
~C&~1 Assumption

B A/ ~1

I 1, 4 oF
~1 3 &E
~B 4-6 ~ 1
~1 3 &E
~B&~1 7, 8 &I
C 2,9 oE
~C 3 &E

— O © 00O Ot W N

—

Mv (FoT) Assumption
N=-~T Assumption
(F&N) &~ M Assumption

M A/ VE
4R

A/ VE
A/ ~E

3 &E

8 &E

6,9 oE

8 &E

2,11 =E

7-12 ~ E

1, 4-5, 6-13 VE
3 &E

L g O Ot W 0N~
=

15.a. We do not want this rule as a rule of SD because it is not truth-
preserving. The truth of P v Q does not entail the truth of P.
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c. We can show that Reiteration is dispensable by explaining how do
derive P whenever P occurs on an earlier accessible line, without using Reit-
eration. Assume that P occurs on an accessibleline i and that we want to derive
P on a later line. We can do this as follows:

i|P
n | P&P i, 1 &I
n+1I1P n &E

e. Assume that P is a theorem is SD. Now considere any argument
has ~ P as one of its premises:

Q
Q.

Qn
~P
R

We can derive R from the set consisting of the premises as follows:

1] 01 Assumption
Q2 Assumption

n | On Assumption
n+1|~P Assumption
n + 2 ~R A/ ~E
n+ 3
n + 4 n+ 1R
n + k P

n+k+ 1R n+2-n+k~E

Here lines n + 4 through n + k consists of the derivation of P from no primary
assumptions. We know there is such a derivation because we know P is a the-
orem of SD.

e. If P is a theorem is SD then any argument of SL that has ~ P among
its premises is vald in SD. We can construct a derivation of the conclusion,
call it Q by taking the premises of the argument as our primary assumptions.
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~ P will be one of these assumptions. Next assume ~ Q, derive both P and
~ P, and obtain Q by Negation Elimination. We can obtain ~ P by Reiteration
since it is one of the primary assumptions of the derivation. We can obtain P
because it is a theorem of SD and therefore can be derived from the empty
set. If it can be derived from the empty set it can also be derived from the set
consisting of the premises of the argument, by inserting the derivation of P
from the empty set within the scope of the assumption ~ Q.

16. We here make use of a result established in Sections 6.3 and 6.4,
' -Pin SDif and only if I' E P

a. Assume that a given argument is valid in SD. Then we know that its
conclusion is derivable in SD from the set consisting of its premises. By the
above result it follows that the conclusion of the argument is truth-functionally
entailed by the set consisting of the premises of the argument. Therefore there
is no truth-value assignment on which the members of the set, which are just
the premises of the argument, are true and the conclusion of the argument
false. So the argument is truth-functionally valid. Conversely, assume that the
given argument is truth-functionally valid. So there is no truth-value assignment
on which the premises of the argument are true and the conclusion false. From
this it follows that the set consisting of the premises of the argument truth-
functionally entails the conclusion of the argument. And by the above result
it next follows that the conclusion of the argument is derivable from the set
consisting of the premises of the argument, and from this it follows that the
argument is valid in SD.

d. Assume that sentences P and Q of SL are equivalent in SD. Then
each can be derived from the unit set of the other. By the above result it fol-
lows that the unit set of each truth-functionally entails the other. So there is
no truth-value assignment on which P is true and Q false, and no truth-value
assignment on which Q is true and P false. So P and Q are truth-functionally
equivalent.

Exercises 5.4E

Derive: ~ D

1| DoE Assumption
21 ED(Z&W) Assumption
3| ~Zv~W Assumption
4 3 DeM

5 2,4 MT

6 1, 5 MT
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c. Derive: K

1| W>oS) &~-M Assumption
2 (-W>oH)vM Assumption
31 (~SoH)>K Assumption
4| WoS 1 &E

5| ~So>~W 4 Trans

6| ~M 1 &E

71 ~WoH 2, 6 DS

8| ~So>oH 5, 7 HS
91K 3, 8 OF

e. Derive: C

1| MvB)v (CvG) Assumption
2| ~B& (~G&~M) Assumption
3| ~B 2 &E
4|1 BvM)v(CvG) 1 Com
5| Bv[Mv (CvG)] 4 Assoc
6 | Mv (CvG) 3, 5 DS
71 ~G&~M 2 &E
8| ~G 7 &E
9| MvC vG 6 Assoc

10 | Mv C 8, 9 DS

11| ~M 7 &E

12 1 C 10, 11 DS

2. Validity
a. Derive: Y= 7

1| ~Y>~2 Assumption
2| ~Z>~X Assumption
3| ~Xo~Y Assumption
4 Y A/ =E
5 ~7>o5~Y 2, 3 HS
6 YO Z 5 Trans
7 7 4, 6 DE
8 Z A/ =1
9 oY 1 Trans

10 Y 8, 9 ok

111 Y=7 4-7, 8-10 =I
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c. Derive: I D ~ D

e.

1| F&G)v (H&~I)
21 I~ (F&D)
3 |

4 ~ (F & D)
5 ~Fv~D
6 ~~1

7 ~Hv~~1
8 ~H&~1I)
9 F&G

10 F

11 ~~F

12 ~D

131 I1o~D
Derive: I v H

1| Fo (GoH)
2| ~I> (FvH)
3|1 FoG

4 ~1

5 FvH

6 ~H

7 F

8 G

9 GoH
10 ~G

11 H

12| ~IoH

13| ~~1IvH

141 1vH
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Assumption
Assumption

A/ ol

2,3 oE
4 DeM
3 DN

6 vI

7 DeM
1, 8 DS
9 &E

10 DN
5, 11 DS
3-12 ol

Assumption
Assumption
Assumption

A/ ol

2,4 oE
A/ ~E

5, 6 DS
3,7 oFE
1, 7 oE
6, 9 MT
6-10 ~ E
4-11 ol
12 Impl
13 DN



g. Derive: X =Y

1] [(X&Z) &YV (-XD~Y) Assumption
2| X2Z Assumption
31 Z2Y Assumption
4 X A/ =1

5 Z 2,4 OFE

6 Y 3,5 DFE

7 Y A/ =1

8 X&Z) &Y A/ VE

9 X&Z 8 &E
10 X 9 &E
11 ~X>D~Y A/ VE
12 YoX 11 Trans
13 X 7,12 OE
14 X 1, 8-10, 11-13 VE
51 X=Y 4-6, 7-14 =I

3. Theorems

a. Derive: A v ~ A

A/ ~E
1 DeM
2 &E
2 &E
1-4 ~ E
c. Derive: Av [(~AV B) & (A v ()]
1 |~A A/ ol
2 ~Av (B&CQC) 1vI
3 (~AVB) & (~AVvC() 2 Dist
4 | ~AD[(~AVB) & (~Av (O] 1-3 oI
5 ~~AVv[(~AVB) & (~Av ()] 4 Impl
61 AV[(~AVB) & (-Av QO] 5 DN
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e. Derive: [AD B & C)] = [(-Bv~C) D>~A]

1 A>D (B &CQC) A/ =1
2 ~B&C)o>~A 1 Trans
3 ~~Bv~C)>o~A 2 DeM
4 (~-Bv~C)o~A A/ =1
5 ~B&C)o~A 4 DeM
6 A> (B & Q) 5 Trans
71 [ADB&C)]=[(~-Bv~C)>o~A] 1-3, 4-6 =I

g. Derive: [AD (B=C)] = (AD [(-BV C) & (~ C Vv B)])

1 A> (B=CQ) A/ =I
2 A>[(B>C) & (C>B)] 1 Equiv
3 AD[(~Bv Q) & (C>B)] 2 Impl
4 AD[(~Bv Q) & (- CvB)] 3 Impl
5 AD[(~Bv Q) & (~CvB)] A/ =I
6 AS[B>C) & (~Cv B)] 5 Impl
7 AS[(B>C) & (C>B)] 6 Impl
8 A> (B=CQ) 7 Equiv
9/ [ADB=C)]l=A>[~BvC) & (~CvB)] 1-4, 5-8 =I

i. Derive: [F-AD (-B2>C)] D [(AVvB) v (~~BvC()]

1 ~AD (-B>2C(C) A/ ol
2 ~~Av (~-BD2CQ) 1 Impl
3 ~~Av (~~Bv(Q 2 Impl
4 Av (~~BvC(C) 3 DN

5 Av I[(~~Bv~~B)vC(C] 4 Idem
6 AvI[~~Bv (-~Bv (0] 5 Assoc
7 Av~~B)v (~~Bv(O 6 Assoc
8 (AvB) v (~~Bv Q) 7 DN

9| [~FAD(-B2C)]D>[(AvB) Vv (~~Bv(QO] 1-8 oI

4. Equivalence
a. Derive: ~ (~ A & ~ B)
1| AvB Assumption

1 DN
2 DN
3 DeM
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Derive: A v B

W~ 0o N

~~Av~~B
Av~~B
AvB

c. Derive: ~ (ADC) D~ B

1

2
3
4

(A&B)>C

B&A)DC
B> (A> ()
~(A>C)o>~B

Derive: (A & B) o C

1

H~ 00 N

~A>C)>~B

B> (A> ()
(B&A)>C
(A& B)>oC

e. Derive: Av (- B =~ Q)

Sy O W 0O N0

Av (B =C)

Av[(B>oC) & (C>B)]
Av[(~C>~B) & (C>B)]
AVv[(~C>D>~B) & (~-B>~0Q)]
AvI[(~BD>~C) & (-C>~B)]

Av (~-B=~C)

Derive: A v (B = C)

1
2
3
4
5
6

|Av (-B=-~0)

AV[~BD5~C) & (~C>~B)]
AV [(CDB) & (- C>~B)]
AV I[(CDB) & (B> ()]

AV I[(B>C) & (C>B)]
Av (B =C)

5. Inconsistency

O Ot s 00 N
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[(E&F)v~~G]oM

~[[(GVE) & (FvG)] > M & M)]

~([(GVE) & (FvG)] oM
~([(GVE) & (GvF)] oM)
~([GVv (E&F)] o M)

~ ([(E & F) v G] o M)
~([(E&F) v~~G] oM)

Assumption

1 DeM
2 DN
3 DN

Assumption

1 Com
2 Exp
3 Trans

Assumption

1 Trans
2 Exp
3 Com

Assumption

1 Equiv
2 Trans
3 Trans
4 Com
5 Equiv

Assumption

1 Equiv
2 Trans
3 Trans
4 Com
5 Equiv

Assumption
Assumption

2 Idem
3 Com
4 Dist
5 Com
6 DN



o

M & L

[L& (M &~S)] oK
~Kv~S
~(K=-9)

— O © 0 Ot 0N =

—_

Ko~S
[(L & M) & ~S] o K
(L& M) o (~S>2K)
L&M
~SoK
(Ko>~S) & (-~ S>K)
K=-~S8

~ W& (ZVvY)]
(ZoY)> 7
XY¥>oZ) oW

O 3O Ok N —

—_

~Wv~(ZVY)

~~7&~Y
~~7
~7
7
7ZvY
~~(Zv7)
~W
~ Y27
~(~YVv7Z)
~~Y&~7Z
~7

6. Validity

a. Derive: ~ B

(RoC)v B>o(O)
~(E&A) >~ R>2C0)
~E&~C

S O W Tk N

—

~E
~Ev~A
~ (E & A)
~(R>C)
BoC
~C

~B

Assumption
Assumption
Assumption
Assumption

3 Impl

2 Assoc
6 Exp

1 Com
7, 8 oFE
5,9 &I
10 Equiv

Assumption
Assumption
Assumption

1 DeM
A/ ~E

2,5 MT
6 Impl

7 DeM
8 &E
5R
5-10 ~ E
11 vI

12 DN
4, 13 DS
3, 14 MT
15 Impl
16 DeM
17 &E

Assumption
Assumption
Assumption

3 &E
4 vI
5 DeM
2,6 OFE
1, 7 DS
3 &E
8, 9 MT
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c. Derive: ~W D> ~ A

1| AD>[Wv~(CvVvR)]
2| ~RoC

3 ~W

4

5 Wv ~ (CvR)
6 ~ (CVvR)

7 ~~RvC

8 Rv C

9 CvVvR

10 ~A

111 ~Wo-~A
e. Derive: ] o ~ (E v ~ M)

1| ~(J&~H)

2| ~HvM

3| Eo~M

4 J

5 ~Jv~~H
6| |~~J

7 ~~H

8 M

9 ~~M

10 ~E

11 ~E&~~M
12 ~(Ev~M)

g. Derive: ~A D [H D (F & B)]

1| (H&~S) DA
21 ~Bo>~S

3| ~SvC

4| CoF

5 ~A

6 H

7 H> (-S2A)
8 ~SoA
9 ~~8S
10 C

11 F

12 ~~B
13 B

14 F&B
15 H> (F & B)

16 | ~A> [H> (F & B)]
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Assumption
Assumption

A/ ol
A/ ~1

1, 4 oE
3,5 DS
2 Impl

7 DN

8 Com

4-9 ~ 1
3-10 oI

Assumption
Assumption
Assumption

A/ ol

1 DeM
4 DN

5, 6 DS
2,7 DS
8 DN
3,9 MT
10, 9 &I
11 DeM
4-12 ol

Assumption
Assumption
Assumption
Assumption

A/ ol
A/ ol

1 Exp

6, 7 oFE
5, 8 MT
3,9 DS
4, 10 oE
2,9 MT
12 DN
11, 13 &I
6-14 ol
5-15 ol



7. Inconsistency

a. 1| Bv~C Assumption
2| Lo>o~G)>oC Assumption
31 (G=~B) & (~L>~DB) Assumption
4| ~L Assumption
5| ~Lv~G 4 vl
6 | Lo~G 5 Impl
71C 2, 6 OE
8| ~Lo~B 3 &E
9| ~B 4, 8 OF
10 | ~C 1,9 DS

8.a. The rules of replacement are two-way rules. If we can derive Q from
P by using only these rules, we can derive P from Q by using the rules in
reverse order.
c. Suppose that before a current line n of a derivation, an accessible
line i contains a sentence of the form P > Q. The sentence P 5 (P & Q) can
be derived by using the following routine:

i| Po>Q

n P Assumption
n+1 Q i, n OE
n + 2 P& Q n,n+ 1 &E
n+3|1 P> (P&Q) n—n+ 2>l
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